Wrinkling, when a thin stiff film adhered to a compliant substrate deforms sinusoidally out of plane due to compression, is a well understood phenomenon in bi-layer systems. However, when there are more than two layers, the wrinkling behavior of the multilayer system is, at present, not fully understood. In this paper, we provide an analytical solution for wrinkling in tri-layer systems where the additional layers can contribute to either the film stiffness or substrate stiffness. Then, we provide an algorithmic approach for extending our tri-layer analytical solution to systems with multiple additional layers. Our analytical solution and algorithmic approach are verified numerically using the finite element method. Using our methodology, wrinking can be predicted and controlled in multi-layer systems, with applications ranging from stretchable electronics to biomimetic design. In this paper, we demonstrate that our model can be used to understand wrinkling behavior in epidermal electronics.
Introduction
Though wrinkling in bi-layer systems is a well understood phenomenon [1] [2] [3] [4] [5] [6] [7] , the study of wrinkling in multi-layer systems is incomplete. Multi-layer systems, as illustrated in Fig. 1 , do not necessarily have a single layer clearly defined as the film or a single layer clearly defined as the substrate. Instead, there are multiple layers some of which may contribute to the axial and bending stiffness of the film and some of which may contribute to the stiffness of the substrate [8] [9] [10] . Understanding wrinkling in multi-layer systems is important for interpreting the wrinkling behavior of some biological systems, such as the gut [11] [12] [13] , the skin [14] [15] [16] , or the lungs [17, 18] . The patterns which emerge from these biological multi-layer systems can inspire engineering design, such as engineering surfaces which utilize wrinkling to access multiple length scales and increase surface area [19] [20] [21] . In buckling based metrology, a better understanding of wrinkling in multi-layer * Corresponding author. E-mail address: linder@stanford.edu (C. Linder).
films will enhance the study of novel multi-layer systems [22] [23] [24] [25] . In addition, in engineering stretchable electronics, a deeper understanding of multi-layer wrinkling can be used to design systems in which wrinkling is used to prevent high levels of strain in stiff or brittle layers [26, 27] . In this paper, we use epidermal electronics [28] [29] [30] [31] [32] as an example to motivate the study of multi-layer wrinkling. Epidermal electronics are a strong motivation because, as seen in Fig. 2 , they connect to multi-layer wrinkling in two ways. First the electronic devices themselves are often multi-layer systems [28, 33] . Second, the skin is a multi-layer structure thought to have as many as six mechanically distinct layers which influence its wrinkling behavior [34, 35] . We present a multi-layer model suitable for capturing the wrinkling behavior of the device-skin system.
With regard to previous research specific to multilayer wrinkling [8] , we primarily build on four previous works to construct our approach to multi-layer wrinkling. First, Stafford et al. [37] proposed a method for combining thin, experimentally observed, surface layers of finite thickness with the film layer by treating the film as a composite beam. Second, Jia et al. [9] provided an When thin stiff films adhered to compliant substrates experience in plane compression, the wrinkling instability can occur. Though wrinkling in systems that consist of a single film on a substrate is well understood, wrinkling in systems with multiple layers has still not been sufficiently studied. In this paper we provide a general methodology for studying wrinkling in multi-layer systems. analytical solution verified by numerical results to account for an intermediate layer that will combine with either the film or the substrate depending on the geometric and material properties of the system. Third, Huang et al. [38] demonstrated that after a finite substrate depth is reached, substrate depth no longer influences wrinkling behavior. Finally, in our recent work [10] we proposed an analytical solution verified by numerical results to account for wrinkling in multi-layer systems where the additional interfacial layers are assumed to be thinner than the film.
Here, we extend the solution presented in Lejeune et al. [10] , which is restricted to bi-layer systems with additional thin interfacial layers, to systems with multiple layers that are not restricted in thickness or material properties. Then, we apply our extended multi-layer wrinkling model to a device-skin system. The rest of the paper is organized as follows. In Section 2, we clearly explain the methodology for performing this extension with an analytical solution verified by numerical results. In Section 3, we show an example of our multi-layer wrinkling model applied to epidermal electronics. Finally, we conclude our paper in Section 4.
Multi-layer model
The equations for critical strain ε cr , critical wavelength λ cr , and critical wave number n cr that are sufficient to describe wrinkling initiation in a bi-layer system are quite simple. Our intention is to preserve this simplicity by extending the bi-layer solution to multiple layers following an intuitive procedure. We begin with the equation relating axial strain ε to wave number n used to derive n cr for bi-layer wrinkling [1, 39] ,
where E f and E s refer to the plane strain moduli of the film and substrate respectively, ν s is the Poisson ratio of the substrate, t f is film thickness, and ζ = (
In the typical applications related to the wrinkling instability, corresponding to nearly incompressible material behavior, ν s ≃ 0.5, therefore we will proceed with ζ = 4. The term on the right of the equation can be understood as the influence of the infinite substrate on the film. We define t t as the ''test'' depth used to determine how many layers below the film will contribute to film stiffness given the behavior of the system at instability initiation. If we think of the substrate contribution as a set of springs in parallel, with spring stiffness K = E s /t t , t t is understood as the depth of substrate felt by the film. Given (1), the value of n cr can be computed explicitly by solving dε/dn = 0 with respect to n. By equating the right hand side of (1) with K , the explicit solution for t t in a bi-layer system is computed as
This is consistent with the notion that after a certain substrate depth is reached, the system will behave identically to a system with an infinite substrate [38, 40] . Based on (2), it is clear that a higher E f /E s ratio corresponds to larger values of t t .
In the context of wrinkling initiation in multi-layer systems, computing t t is necessary because it will be used to determine which combination of layers contribute to either film or substrate stiffness. We define the terms ''FCL'' to denote film contributing layers and ''SCL'' to denote substrate contributing layers. For example, in a tri-layer system where the film on top is stiffer than both lower layers, computing t t with respect to the film and intermediate layer tests if a possible buckling mode is bi-layer wrinkling entirely independent of the lowest layer. When t t is greater than the thickness of the intermediate layer, the bi-layer equations are no longer sufficient to predict wrinkling. Therefore, a solution for wrinkling in a tri-layer system is required. To address this, we demonstrate that the equations presented in Lejeune [36] ). By modeling the skin with five mechanically distinct layers [35] , it is possible to obtain a better understanding of its wrinkling behavior. We find that in the device-skin system the device and stratum corneum will act as a film while the four lower layers of the skin will act as the substrate. A more detailed analysis is provided in Section 3. the film contributing tri-layer model, and finally the applicable final solution that is a piecewise combination of these three models. The Jia et al. numerical results are conducted using the finite element method implemented in ABAQUS via a linear perturbation analysis. Our numerical results are computed using an in-house finite element code and the procedure detailed in [41] . In all plots, modulus E i is reported in units of MPa while t t and λ cr are reported in µm. Overall, the plots shown in this figure confirm that our proposed methodology is capable of handling tri-layer systems with thick intermediate layers.
We report both our numerical results and the ones present in Jia et al. [9] to emphasize that the numerical results presented in this paper are sound and reproducible and to confirm the abrupt change in wavelength reported in Jia et al. et al. [10] for a tri-layer model with thin interfacial layers are extensible to systems with thick interfacial layers. With an intermediate layer that acts as a SCL, (1) becomes
where E i is the plane strain intermediate layer modulus, t i is the intermediate layer thickness [10] . The implicit equation, dε/dn = 0 can be solved for n cr and subsequently ε cr = ε(n cr ). For an intermediate layer which contributes to the film stiffness (FCL), the overarching equation is identical to (1), except the bending and axial stiffness of the film must be updated to treat the multi-layer film as a composite plate. Eq. (1) becomes
where I i and I f correspond to the moment of inertia divided by width of the intermediate layer and film respectively, computed via the parallel axis theorem. The idea of combining the intermediate layer and film as composite plates was originally proposed in Stafford et al. [37] in the context of buckling based metrology, and the result is a set of explicit equations for n cr , λ cr and ε cr .
Given these two options, FCL and SCL, the option which occurs at a lower level of strain will correspond to instability initiation [9] . In Fig. 3 , ε cr and λ cr for a system with fixed film and substrate properties and varied intermediate layer properties are plotted. It is clearly illustrated that using the bi-layer solution where the top two layers compose the bi-layer, the SCL tri-layer solution, and the FCL tri-layer solution, instability initiation can be captured throughout the domain. The piecewise applicable solution illustrated in Fig. 3 is computed as follows. When E i < E s , t t is used to choose between the bi-layer model and the SCL model. When E i > E s the applicable model will be the SCL model or the FCL model, determined by computing ε cr for both models and choosing the one which corresponds to a lower value of ε cr . Based on Fig. 3 , it is clear that our extension from a thin intermediate layer to a thick intermediate layer is validated by the good agreement with numerical results.
Like the equations proposed in Jia et al. [9] , we are able to capture the entire domain of numerical results. However, for the SCL solution, the equations we use to compute ε cr and λ cr are different and somewhat simpler to intuitively understand and implement. Though simpler certainly does not translate to ''better'', our approach has the benefit of being naturally extensible to systems with more than three layers. With regard to combining multiple intermediate layers to contribute to the substrate, this extension can be conducted by treating the layers as a set of springs in series
where layers k and k + 1 are combined to a total layer stiffness, and t tot and E tot describe a single layer equivalent to the two layers combined. In order to compute t t when there are intermediate layers contributing to the substrate, we use the value K , which represents the substrate contribution given in the right hand side of (3). The value of K is known after implicitly solving dε/dn = 0. Treating the intermediate layer and substrate as springs in series means that t t can be computed as
To combine multiple layers contributing to film stiffness, the layers are treated as a composite plate [37] . The resulting axial and bending stiffness from combining two layers can be computed as
As with adding subsequent intermediate layers to the substrate, adding additional layers to the film can be con- 
By combining (3) and (4), we obtain an expression for a system with a multi-layer film, multi-layer intermediate region and a substrate as
The algorithms provided in Fig. 4 clearly illustrate the procedure for determining which layers contribute to the film and which layers contribute to the substrate such that (9) can be applied. Just as with the bi-layer solution, some systems will not be good candidates for applying the analytical solution and will require numerical analysis. This is particularly the case when the total sum of SCLs is not sufficiently thick, when the total sum of FCLs is too close to the wrinkle wavelength, when the conditions of small strain are violated or when different modes of instability may occur at nearly the same level of strain. Notable alternative methods for quantifying surface instabilities in systems with depth varying material properties include the state space method [44] , and the finite element method [40] , which, unlike our method, do not approximate layers as either thin plates (FCLs) or linear springs (intermediate SCLs). Using our method, it is clear that tri-layer problems can be understood very intuitively and interpreted directly from the equations in Section 2. For systems with more than three layers, the algorithm presented in Fig. 4 proves useful for describing our implementation. To further demonstrate the validity of our approach for systems with more than three layers, we compare the algorithmic solution for a four layer system to numerical results [41] . The geometry and material properties of the system tested are shown in Fig. 5 . In this system, the layers of the substrate becomes stiffer with increasing depth, so the algorithm illustrated in Fig. 4 is used to determine the analytical solution. In the results plotted in Fig. 5 , the properties of the intermediate layers and substrate are held fixed while the film stiffness is increased. As E f increases, the depth of substrate influencing film behavior increases. Therefore, when E f is very low, the first intermediate layer acts as the substrate. When E f , and subsequently t s , increases, the second intermediate layer and substrate layer both contribute to instability initiation. Based on the good agreement between our numerical and analytical solutions, it is clear that our approach is valid for the system tested. In Fig. 5 , the analytical solutions for the bi-layer system of the film and each subsequent layer are also shown to illustrate that while the curves are the same shape, the predicted values are sufficiently different such that it is evident that the close agreement between our analytical and numerical solution is not coincidental.
Application to epidermal electronics
As illustrated in Fig. 2 , images and studies of the human skin indicate that it has a multi-layer structure [45] . Here, we present a model of the skin which has five mechanically distinct layers [35] . Due to the variability in parameters reported in the literature [46] [47] [48] [49] [50] , both due to differences in experimental set up and variation across subjects and locations on the body [51] , the parameters chosen for our model are approximations. Similar to the abrupt mode switch illustrated in Fig. 3 , stiffening of skin during the aging process is shown to cause an abrupt switch between mode I wrinkling, where the stratum corneum acts as the film, and mode II wrinkling where the stratum corneum and viable epidermis act as a composite film. With our approach to multi-layer wrinkling, we are able to confirm that this switch is plausible. Previous predictions of this switch, while insightful, relied on very approximate analytical and numerical results [35] . Of course, more accurate quantification of geometry and parameters is required to make quantitative or prescriptive conclusions about wrinkling in the skin. However, this prediction of a mode switch with an abrupt jump in λ cr has been observed experimentally in a study of wrinkling response to applied compression in facial skin for subjects of varied age [52] . Our analysis also indicates that there are multiple systems (combinations of different FCL or SCL) which can potentially wrinkle in the skin, and that an increase in ε cr may induce longer wavelength wrinkling. For example, wrinkling in the stratum corneum layer may occur first, and then wrinkling of the stratum corneum and viable epidermis acting as a composite film may become superimposed at a higher level of strain. It is also possible that the deformation induced by the lower wrinkling modes will not heavily influence the timing and appearance of the higher modes because the differences in length scale may render wrinkling induced deformation negligible. This is consistent with experimental observations which indicate that multiple superimposed wavelengths may be observed in skin under high levels of compression [14, 16] .
The design of epidermal electronics is highly varied and rapidly evolving [28, 30] . Here, we consider a simplified system in which an electronic device is treated as an additional layer on the surface of the skin. With our model, we can qualitatively understand what occurs when the device-skin system is subject to compression. Fig. 6  Fig. 4 . Given the equations presented in Section 2, this algorithm summarizes their implementation. It is important to note that some systems will not exhibit wrinkling at all, and, that this algorithm does not check for forms of geometric instability other than wrinkling such as creases [42, 43] . If the final computed value of ε cr exceeds 0.456, then there is reason for caution because 0.456 corresponds to the upper limit of the bi-layer solution for a film and substrate with identical stiffness [39] . And, as with bi-layer wrinkling, some systems require numerical analysis because they deviate significantly from the analytical solution assumptions. 0.08 mm, 0.2 mm, 1 mm and 2 mm similar to parameters chosen in [35] . In the lower row, skin properties corresponding to α = 0.5 were chosen while the stiffness of the device E f was varied in units of MPa. The device layer is 0.005 mm thick. Besides the highly intuitive result, that increasing E f results in lower ε cr and higher λ cr , it is noteworthy that the predicted mode of wrinkling, corresponding to minimum ε cr is the device and stratum corneum acting as a composite film while the remainder of the skin acts as a substrate.
compares ε cr and λ cr of the device-skin system with different device stiffness to the behavior of the skin alone.
The predicted decrease in ε cr and increase in λ cr is a highly intuitive result given that the additional layer increases the stiffness of any film or composite film layer that may arise. However, our model also predicts that the first mode of wrinkling to occur will be the system in which the device and stratum corneum act as a composite film. Before applying our model, it was unclear if the lowest value of ε cr would correspond to the device acting as a film with the entire skin as a substrate or if layers of the skin would also act as a film. The results of our study are illustrated in Fig. 6 . Moving forward, the notion that the device and the stratum corneum wrinkle together may contribute to the understanding of buckling delamination in these systems [30, 33, 53, 54] . Though the results presented here are only valid for a given set of parameters, our model has the benefit of being easily implemented and tested for alternative layered device configurations or skin properties.
Conclusion
In this paper, we outline a procedure for computing the analytical solution for wrinkling instability initiation in multi-layer systems. We begin by presenting our previously developed solution for multi-layer wrinkling in systems with a limited number of very thin interfacial layers. Then, we extend this solution to multi-layer systems with an unlimited number of layers and unconstrained layer thickness. Performing this extension has utility in many areas, ranging from stretchable electronics [26, 55] , to understanding biological pattern formation [56] , to manufacturing biomimetic surface topology [20] . In this paper, we demonstrate the utility of our model for predicting multilayer wrinkling in epidermal electronics. The configuration of these systems in highly varied and rapidly evolving which further motives our presentation of a general model for multi-layer wrinkling.
